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ABSTRACT 
f(k) denotes the smallest number n such that the complete graph (n) can be 
decomposed into k factors of diameter 2. So far the following results have 
been obtained [1]: 
4k- -  1 <f(k) < 
2k 
f(2) < 5,f(3) < 13, f(4) < 41, f(5) < 71, f(6) < 157, f(7) < 193, f(8) < 193, 
f(9) < 379, f(10) < 521 and there exists a positive integer K such that for any 
integer k > K: 
k 2 log k. 
f(k) < \10] 
The purpose of this paper is to improve the upper bound on f(k) by showing 
that f(k) < 7k holds. 
~NTRODUCTION 
The graphs G ~ (V(G), T(G)) which are considered here are undirected 
without loops and multiple edges. V(G) is the set of points of G and T(G) 
is the set of edges of G. (n) denotes the complete graph on n points. A 
graph G has diameter 2 if for any two points x, y ~ V(G) with (x, y) r T(G) 
there exists some point z ~ V(G) such that (x, z) ~ T(G) and (y, z) ~ T(G). 
The graph H is a factor of the graph G if  V(H) = V(G) and T(H) C T(G) 
holds. The set of factors {Ha, H2, / /3  ..... Hk} of G forms a decomposition 




THEOREM. The complete graph (n} can be decomposed into k factors o f  
diameter 2 for  every n >~ 7k. 
In order to prove the theorem we will need the following lemma: 
LEMMA. I f  N = {1, 2, 3, 4, 5, 6, 7} is a set on seven elements and 
d = {A~,Az,  Aa ,Aa ,  As,  An, A7} and ~ = {Bx, B2, B3, B4, Bs ,Bn ,  
B7} are two families of  subsets of  N such that 
A1 = {7, 6, 5} O 1 = {4, 2, 1, 6} 
A2 = {7, 4, 3} B2 = {2, 1, 5} 
A3 ----- {7, 2, 1} Bz = {3,7, 1} 
A, = {6, 4, 2, 3} /?4 = {3, 5, 6} 
An = {6, 3, 1} B5 = {4, 2, 3} 
An = {5, 3, 2, 6} B n = {7, 3, 2} 
B 7 ={7,6 ,5 ,4}  A7 = {5, 4, 1, 2} 
then the following statements are true: 
1. For any two elements v, tx ~ N, (v ~ /z), there exists some set Ai e ~ 
such that v,/z e A~ and there exists some set Bj ~ ~ such that v, tz ~ B~. 
2. Ud  = U~=N.  
3. For any ordered pair (v, tz) with v, t~ e N there exists some i ~ N such 
that v ~ Ai  and tt ~ Bi 9 
4. I f  v e A~ then ~ (~ B~ for  every two numbers v, tz ~ N. 
It  can easily be checked that the lemma is true. 
Proof o f  the Theorem. Let W be a set o f  points such that: 
where 
and 
W= UX~, I <~ c <~ k 4-1,  
Xc = (acl , at2, aca , at4, at5, ace, ar 
Xk+l = {d l ,  d2 .... , d . _~},  
such that 
X,  r3Xa= ~ for all 1 ~c,d<~k+ 1 and c =/= d. 
l~c~k,  
n >~ 7k. 
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We now construct he graphs F~ (1 ~< c ~< k) in the following way: 
v(~)  = w 
and 
T(Fc) = {(ac~., a~k); 1 ~< j ~ k ~< 7} 
u{(a j~,ac i ) ;1  ~ j < c, 1 ~ v, i ~ 7 and v ~ B~} 
w{(a~,a~) ;c<j~<k,  1 ~v , i~<7andv~A,}  
u {(ao., d3; 1 ~< t '  ~< 7, 1 ~<j ~< n - -  7k}. 
The sets A~ and B, are defined as in the lemma. 
It is now easy to see that the k graphs F~(I ~ c ~ k) form a decom- 
position of (n> into k factors of  diameter 2 if: 
(i) every graph Fc has diameter 2 and 
(ii) T(F~) n T(Fa) = ~ for all 1 ~< c, d ~ k and c 5~= d. 
Proof of (i). Let x, y e W be two points and let us consider some par- 
ticular graph F~. We have to distinguish the following cases: 
(a) x ~ Xg, y c Xh with 1 <~ g, h < c. We may assume that x = a~, 
and y = ah~ for some numbers v, tz e N. I f  v =/=/x there exists because of  
point 1 of the lemma some set B~ e ~ such that v,/~ ~ Bi 9 This implies 
that (ag,, a~) ~ T(F,) and that (ah,, a~) ~ T(F~). I f  v =/~ then g =/= h. 
Because of point 2 of  the lemma there exists some B~ E M such that v ~ B~ 
which implies that (aoi , ag,) e T(F~) and (ac~ , ah~) ~ T(F~). 
(b) x E Xj ,  y ~ X~ for 1 ~< j ~< c. We can assume that x = a~-, for 
some v and that y = a~, for some tx. Because of point 2 in the lemma there 
exists some B~ ~ M such that v e B~ and therefore (a~,, a,~)~ T(F~). I f  
/~ = i then (x, y )e  T(F~) and if /z 3+ i then (a~i, a~u ) e T(Fc) because 
every edge (a,~, a~O e T(Fc) for all s, r ~ N and s :~ r. 
(c) x. y ~ X~ . (x, y) e T(F~) according to the definition of  T(F~). 
(d) x E X; ,  y e X, for c < j ~< k. Similar to (b). (d  instead of N'.) 
(e) x e Xo, y e Xh with e < g, h ~< k. Similar to (a). (~'  instead of ~).) 
(f) xeX~,y~X~ with 1 ~<g<c<h ~<k. Let x=a~,y=ah~.  
According to point 3 of  the lemma there exists an index i such that v ~ B~ 
and /x e A~. This implies that there exists a point a~ such that 
(ag~ , ar ~ T(F~) and (ah, , aci ) ~ T(F~). 
(g) x, y e X,+~ . (a~ , x) ~ T(F~) and (ao~ , y) ~ T(Fc). 
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(h) x ~ Xk+l , y ~Xc .  (x, y) e T(Fc). 
(i) x e Xk+l, y e Xj with 1 ~< j < e. Let y = aj , .  There exists Bi such 
that v e B~. Hence (a~i, aj,) c T(F~) and (a~i, x) ~ T(F~). 
(j) x E Xk+l, y e X~ with c < j ~ k. Similar to (i). (ag instead of ~. )  
We observe that we exhausted all possible cases for x, y e W. 
Proof  of(ii). Let us assume that there exists an edge (x, y) with 
(x, y) ~ T(Fc) n T(Fa) for two numbers 1 ~< c < d ~< k. We observe that 
this can be possible only if x ~ Xc and y ~ Xa or y ~ Arc and x ~ Xa. Let us 
therefore assume that x = ac. and y = aa.. The fact that (ac,, aa.) ~ T(F,) 
means that/z ~ A. .  The fact that (a~, aa~,) ~ T(Fa) means that v ~ B~, but 
this is a contradiction to point 4 of the lemma. 
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